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Numerical Analysis of Heaving Flexible Airfoils
in a Viscous Flow
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A numerical model for two-dimensional unsteady viscous fluid flow around flexible bodies is used to analyze the
effect of chordwise flexibility on heaving airfoils. Flexible airfoils proved to be more efficient than the rigid ones. Both
the output power and the input power increase in the flexible cases. The gain in efficiency is realized as a result of the
output power increasing more than the input power. The density of the airfoils was shown to be a key factor in
determining efficiency and power. In the parameter range analyzed, heavier airfoils are shown to generate less
output power and to require proportionately less input power. Thus, heavier airfoils are more efficient than lighter
airfoils. In the numerical model the bodies are represented by a distributed body force in the Navier—Stokes
equations. The main advantage of this method is that the computations can be effected on a Cartesian grid, without
having to fit the grid to the body surface. This approach is particularly useful when applied to the case of multiple
bodies moving relative to each other, as well as flexible bodies, in which case the surface of the object changes

dynamically.

Nomenclature

heave amplitude

length scale

frequency of heave

body force density vector
nondimensional heave amplitude

local spring constant

nondimensional heave frequency
pressure

local radius of curvature of the membrane
Reynolds number =UD/v

Strouhal number = fA/U

constant pretension

time

velocity scale

velocity components

velocity vector

coordinates of the “ghost” points [see Eq. (3)]
displacement vector of the membrane
maximum vertical displacement of the airfoil
vertical displacement of the airfoil
density of the membrane

viscosity of fluid

thickness of membrane
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Introduction

HE oscillation of an airfoil-like appendage, or flapping, is a
common mode of propulsion for many animals. Flying animals
generally use flapping to generate both thrust and lift, although many
swimming species use flapping primarily to generate thrust. Recently
much effort has gone into the design and construction of devices
propelled by flapping, such as microair vehicles [1].
The earliest explanations of thrust generated by flapping wings
date back to the early 20th century. Von Karman and Burgers [2]
related the production of drag or thrust to the form of the resulting
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wake structures. Figure la shows a typical drag-producing wake
behind a slowly oscillating rigid airfoil. Note that trailing edge
vortices above the wake line rotate clockwise and those below rotate
counterclockwise. This results in the fluid behind the airfoil moving
slower than the free stream velocity, producing a momentum deficit.
Conversely, Fig. 1b shows a thrust-producing wake behind a
sufficiently rapidly heaving rigid airfoil. Note that the vortices have
the opposite sense of rotation from the vortices in Fig. 1a, producing a
momentum jet behind the airfoil.

Experimentally, Freymuth [3] demonstrated that a rigid airfoil
undergoing pure pitching or pure heaving is capable of producing
thrust. Jones et al. [4] used a laser Doppler velocimetry to obtain
high-resolution velocity measurements in the wake of purely
heaving airfoils in a water tunnel. Their experimental results
confirmed the calculations of Triantafyllou et al. [3], which identified
the Strouhal number as an important parameter for the generation of
thrust.

Garrick [6] extended computations of Theodorsen [7] to determine
the thrust produced by an airfoil undergoing small-amplitude
heaving oscillations in an inviscid, incompressible fluid. He
concluded that all pure heaving motions generate thrust and that
thrust is proportional to the square of the frequency. He also noted
that propulsive efficiency drops off asymptotically from 1.0 at low
frequencies to 0.5 at high frequencies. The thrust and the input power
both go to zero at low frequencies, thus giving rise to an efficiency of
one. The results are based on linearized theory and ignore any
viscous flow contributions; nevertheless, they indicate the
fundamental need to balance total thrust production with propulsion
efficiency.

Several authors have developed and applied unsteady lifting-line
methods to model flapping flight. The models excluded the unsteady
effects of the vortex wake. Phlips et al. [§] modeled the wake using
both a near wake component consisting of a vortex sheet and a far
wake component consisting of discrete vortices. Self-induced
convection of the wake was still neglected. Furthermore the method
was limited to low frequency flapping in inviscid flows. In general,
lifting-line methods have proven useful in understanding the
qualitatively effects of the wake structures on the aerodynamics. But
the inherent assumptions in the method, namely small-amplitude
motions, high aspect ratios, and low flapping frequency, make the
method overly restrictive [9].

Unsteady panel methods have also been used to model flapping
flight. Such methods rely on the distribution of inviscid singularities
on the aerodynamic surfaces (e.g., source or vortex panels) to model
flow over an airfoil or body. The wake is modeled either with a series
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a) Drag producing wake behind a slowly
oscillating airfoil.
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b) Thrust producing wake behind a rapidly
oscillating airfoil.

Fig. 1 Wake behind airfoils.

a)

of panels trailing behind the body, or with discrete vortex elements.
Various unsteady forms of the Kutta condition are employed to
determine the rate at which vorticity is shed into the wake. Also the
methods allow for self-convection of the wake. However, they are
still based on ideal flows. Jones and Platzer [10] and Jones et al. [4]
developed an inviscid model to determine the forces on a two-
dimensional airfoil undergoing simultaneous pitching and heaving.
The vorticity being shed into the wake was modeled as an extra panel,
the length, orientation, and vortex strength of which was determined
as part of the solution. They were able to reproduce the wake
structure and momentum profiles for small-amplitude pitching and
heaving airfoils. At small amplitudes the viscous effects are not as
pronounced in the topology of the vorticity field, and the inviscid
assumption is more justified.

Hall and Hall [11] developed a vortex lattice method to determine
the optimal circulation distribution for a prescribed combination of
lift and thrust. The method consisted of finding time-dependent
circulation distribution that minimizes induced losses without
concern for the details of the mechanics of the flapping motion. This

a) Grid used for the CFD calculations.

b)
Fig. 2 Flexible wing a) and airfoil b).

method was later extended by Hall et al. [12] to include viscous drag
component determined from quasisteady analysis at each spanwise
wing section. The model explicitly assumes light wing loading and
low reduced frequency.

Daube et al. [13] developed a viscous numerical model to
investigate dynamic stall due to pitching of an airfoil at low to
moderate frequencies and Reynolds numbers ranging from 3,000-
10,000. The model was only used to test low frequency oscillations.
No thrust was produced in their model, nor did it exhibit leading
edge.

Liu et al. [14] created a three-dimensional Navier—Stokes solver.
They were able to successfully reproduce the major three-
dimensional features of the fluid, although their model predicted
larger than expected lift coefficients. The most notable flow features
observed were the generation of a large leading-edge vortex on both
the up- and down strokes. This vortex remained attached during
pronation and supination before being shed at the beginning of the
subsequent stroke. Also, the vortex was shown to be much stronger
near the wing tip, creating a low pressure core that sucks fluid

6 6.5 7 75
X

b) Airfoil and portion of the grid used for the
CFD calculations, every other line is shown

Fig. 3 Computational grid.
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spanwise from the base of the wing to the wing tip. Such three-
dimensional effects might be important in stabilizing the vortex to
enhance the effects of dynamic stall.

Wang [15] correlated the optimum frequency for heaving airfoils
to the time-scale of vortex shedding for impulsively started airfoils.
For sufficiently large local angles of attack, an impulsively started
airfoil will generate net thrust for a short period until a leading-edge
vortex is shed.

More recently Lewin and Haj-Hariri [16] developed a numerical
model for two-dimensional flow around an airfoil undergoing
prescribed heaving motions in a viscous flow. They showed that fora
given Strouhal number the maximum efficiency occurs at an
intermediate heaving frequency. This is in contrast to ideal flow
models, in which efficiency increases monotonically as frequency
decreases. The separation of the leading-edge vortices at low heaving
frequencies leads to diminished thrust and efficiency. At high

L

Fig. 4 Vorticity field generated by a rigid airfoil heaving at kh = 0.8
and k = 4.0.
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Fig. 5 Vorticity field generated by a flexible airfoil heaving atkh = 0.8
and k = 4.0.

frequencies, the efficiency decreases similarly to the prediction of
inviscid theory.

All animals that use flapping as a mode of propulsion, manifest in
their wings or fins some form of flexibility, be it passive, active, or
both. Passive flexibility is in the case that the shape of the wing fin is
modified only as a reaction to the flow, and the animal has no control
on it. On the contrary in the case of active flexibility, it is the animal
that controls the deformation of the wing or fin through the use of its
muscles. Wu [17,18] analyzed the problem of optimum shape for a
flexible plate in motion in an inviscid flow, and showed it possible to
obtain a propulsive efficiency higher than that of a rigid plate.
Calculations by Katz and Weihs [19,20] showed that an airfoil with
passive chordwise flexibility oscillating in an inviscid flow has an
increased propulsive efficiency, but a sightly decreased overall
thrust.

More recently, Prempraneerach et al. [21] conducted an
experimental analysis to show the effects of chordwise flexibility
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on the thrust and efficiency of a flapping foil. Foils of different
flexibilities were all observed to give rise to an increase in the
propulsive efficiency. In some cases both the propulsive efficiency

and the thrust increased.

The purpose of this work is to use a computational model, recently
developed by the authors [22], to shed light on the role of chordwise
flexibility of a heaving airfoil in a viscous flow.

Problem Definition

The model developed is used to simulate a two-dimensional
incompressible viscous flow around a heaving flexible airfoil. The
governing equations are the continuity and Navier—Stokes equations
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Fig. 6 Average output and input power and efficiency for the three

different airfoils for kh = 0.8.
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The equations are written in dimensionless form. Here, p is scaled
with pU? and f is scaled with pU?/D.

The heaving motion of the airfoil is an arbitrary function of time. In
this work the base mode of oscillation for the airfoil is represented as
a sinusoidal function of time:

YO = Ymi\x sin(27'[ft)

Introducing k and &

k

2
_ nfc’ he
U c

the nondimensional position and the heave velocity of the airfoil are
given, respectively, as
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Fig. 8 Nondimesional forces acting on the rigid and flexible airfoils for kA = 1.0 and k = 5.5.

Y, = hsin(k?), Vo = khcos(kt)

The parameter kh, which differs from the Strouhal number by a factor
of m, is the nondimensional maximum heave velocity, and is an
important factor in determining thrust or drag production.

We consider a rigid wing, from which a portion has been cut out,
covered with a very thin and flexible material, latex for example, as
shown in Fig. 2a. Our interest is focused on the middle plane section
of the wing, Fig. 2b. The flexible part of the airfoil is modeled as two
thin membranes, one for the upper surface of the airfoil and one for
the lower, joined at the trailing edge. The leading edge and the first
40% of the airfoil are going to be considered rigid, whereas the
remaining portion, including the trailing edge is going to be modeled
as flexible. Because membranes are not able to resist bending and
because they are fixed only at two points and not at the trailing edge,
which is free to move, the structure is not able to self-sustain itself in
two dimensions (although it clearly does in three dimensions).
Therefore a distribution of springs, as shown in Fig. 2b, which
connect the membrane to ghost points on a rigid skeleton, is used in
order to simulate the out-plane tension that is actually present in the
three-dimensional wing, and that is not reproducible in two
dimensions. The ghost points move with the velocity of the rigid
portion of the airfoil and essentially mimic the effect of the rigid
frame of the wing as shown in Fig. 2a. The model for the membrane
assumes only normal displacements. The equation used to represent
such displacements is

55, 2%\ T ) ~
,O‘L'(I’lx atzﬂex —ny atzﬂex) =p P K[n.\’(ylnm - y;k) + nx(xlncx

R
—x7)]
3

In the equations the only forcing coming from the fluid p, whereas
the shear stress, due to its small value, is neglected. The membrane
has no extensional stiffness. Also the membrane stretch, being
negligible, is not taken into account.

Numerical Implementation

The approach developed is a mixed Eulerian—Lagrangian one. The
body surface is represented wusing Lagrangian points
(x;,1=1,...,L). The governing equations for fluid flow, Egs. (1)
and (2), are solved everywhere, including the cells which are
occupied by the solid body, using a Eulerian approach. The presence
of the solid body is accounted for by adding a force field to the
momentum equation in those cells that are fully or partially occupied
by the solid phase. The magnitude and direction of this body force
density is determined at every time step of the computation by
requiring the value of the velocity in those cells to match the
prescribed, or actual, velocity of the solid body. This is achieved with
the aid of a volume-fraction field which determines what fraction of
each computational cell in the Cartesian grid is occupied by the solid
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Fig. 9 Average output and input power and efficiency for airfoils of
different densities heaving at kh = 1.0 and k = 5.5.
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phase. In cells where the solid volume fraction is unity, the velocity is
set exactly equal to that of the body, and in those where the volume
fraction is between zero and one, the velocity is only adjusted
partially, in proportion to the volume fraction. Fluid cells are not
affected in that step of the computation. The details of the model are
presented in Pederzani and Haj-Hariri [22].

Fluid Solver

Equations (1) and (2) are solved on a nonuniform Cartesian mesh,
as shown in Fig. 3, using a finite-difference formulation with a
staggered grid approach [23].

In the staggered grid, within cell (i, j), the pressure and volume-
fraction fields are assigned to the cell center, whereas the horizontal
and vertical velocity components are assigned to the midpoints of the
right and top edge of the cell, respectively. The grid size used is
224 x 352 with Ax = 0.0125 and Ay = 0.01 (in the uniform part of
the grid). Three-point centered differencing is used to approximate
the spatial derivatives, and forward differencing is used for the time
derivative. In order for stability of this scheme the time step, dt has to
be smaller than 1/Re. The time step used in this simulation is smaller
than the required limit so as to resolve the motion of the airfoil
adequately.

Boundary conditions are imposed using ghost cells at the outer
limits of the computational domain. For the velocity field, the inflow
is prescribed to be u =1 and v =0 corresponding to a uniform
longitudinal flow. On the lateral boundaries the conditions are free
slip and impermeability; that is, du/dy = 0 and v = 0, respectively.
The free slip condition prevents the viscous boundary layers from
growing on those walls. At the outflow, the velocity components are
assumed to possess zero normal gradients: du/dx =0 and
dv/dy =0. For the pressure, in the transverse direction
homogeneous Neumann conditions are applied at the lateral walls,
dp/dy =0, whereas in the longitudinal direction dp/dx =0 is
imposed at the inlet and p = O at the outlet.

Membrane Solver

The membrane Eq. (3) is solved with a Newmark scheme [24].
Consider the following second order differential equation:

Y1) = 9(1.y) “)

The Newmark scheme consists of the following finite-difference
scheme for Eq. (4)

yn+1 _2yn +yn—l — Atz[ﬂ¢"+] + (%—Zﬂ + )’)(/’" + (%-F ﬂ
-1l ®

The scheme is second order accurate for y = %, whereas it is just first
order accurate for y # % For # = 0 the scheme is explicit. Moreover
fory = % and B = 0 it coincides with the leapfrog scheme. It can be
shown that for 8 =1/4 and y = 1/2 the Newmark scheme () is
unconditionally stable.

Results

To understand the role of flexibility in flapping airfoil, the
numerical model developed [22], was used to analyze several cases.

The Reynolds number used in all simulations is Re = 500, which
is typical of insect flight. Several heaving motions were simulated for
three different types of airfoil. The first airfoil was rigid and used as
reference. The other two were flexible; one had a fixed trailing edge
(relative to the rigid forepiece) whereas the other allowed the trailing
edge to move. The fixing or moving of the trailing edge was achieved
by connecting the junction point of the two membranes to the rigid
frame with a spring. In the first case the spring was so stiff that no
displacement of the trailing edge was allowed, in the second case the
stiffness of the spring was reduced in order to allow the trailing edge
to move.

All three types of airfoil were simulated at different frequencies of
heave for two different values of ki: 0.8 and 1.0. In Figs. 4 and 5 the

flow fields generated by a heaving rigid and flexible airfoil are
shown. The flow field generated by the flexible airfoil hardly differs
from the one generated by the rigid airfoil. The vortex pattern is the
same in both cases. Although the flexible airfoil alters the flow field
only slightly, with respect to the rigid one, these modifications are
significant enough to change the forces acting on the airfoil
substantially. This is the main contribution of the current article.

It was found that the flexible airfoils were more efficient than the
rigid one for all the different heave parameters as shown in Figs. 6
and 7. The efficiency increase is the result of the output power
increasing proportionally more than the input power. This is in
contrast with previous studies [17-20]. In fact, although these studies
predicted an increase in efficiency in the case of flexible plates and
airfoils compared to the rigid ones, their input and output power were
both lower than a rigid foil. This is due to the fact that previous
models not only assume an inviscid flow, but also the plates and
airfoils in the previous studies were massless.

Mass (and therefore inertia) play an important role in a fluid-
structure interaction problem. This is seen easily when the vertical
and horizontal forces acting on the airfoil are analyzed. The
comparison of the vertical force of the flexible case against that for
the rigid case, shows how differences arise mainly at some particular
station of the flap. The vertical force, both for the flexible case and
rigid case, present the same oscillatory behavior, though the
maximum, which is reached shortly after the beginning of a stroke
[see Fig. 8al, is higher in the flexible case. This is due to the mass of
the membrane. During the beginning of the stroke the membrane is
pulled and, therefore, accelerated by the rigid frame. When the rigid
part starts decelerating the membrane, due to its mass, does not do so
as quickly and at the end of the stroke it has a non zero velocity in the
direction opposite to that of the following stroke. Therefore, more
power is needed at the beginning of each stroke to snap the
membrane back. The motion of the airfoil can be summarized as
follows: at the beginning of each stroke power has to be put in the
airfoil to reverse the tail, then the tail starts to catch up with the rigid
portion and eventually passes it until it reaches the end of the stroke
and reverses again.

The comparison of the horizontal force, Fig. 8b, of the flexible case
against the one of the rigid case, shows how, due to the snapping, the
strength of the vortices that are shed is higher in the flexible case,
leading to the generation of more thrust.

For the flexible airfoil with fixed trailing edge, the overshoot is
smaller, thus each flaps requires less input power and generates less
output power than the case of the fully flexible airfoil, but more than
the rigid case.

To analyze the role of the mass of the membrane, heaving airfoils
with different densities were simulated heaving for a particular ki
and k. The range of densities analyzed is small, but of practical
interest, and such that the natural frequency of the structure is
significantly higher than the heaving frequency. And so the motion
remains dominated by stiffness effects. Figure 9 shows how lighter
airfoils require less input power and produce less output power. This
is due to the fact that a lighter membrane requires less input power in
order to be snapped. The snapping motion is less strong than in the
rigid case and generates less output power. Lighter airfoils are less
efficient as the output power decreases proportionately more then
input power.

The lightest membrane that was simulated shows a value of
efficiency that is lower than the one for the rigid case. This is the only
case in our simulations and is not in line with the results of our study.
Prempraneerach et al. [21], though, in their experimental work also
found one case, out of the many analyzed, in which a flexible airfoil
was less efficient than a rigid one.

Conclusions

A numerical study shows chordwise flexibility in heaving airfoils
to improve efficiency and increase output power in most cases. The
simulations were conducted for two different types of flexible
airfoils, one with a fixed trailing edge and one with a loose trailing
edge. The airfoil with the loose trailing edge was shown to be the
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more efficient of the two. It was also shown that, for certain
parameters, heavier airfoils are capable of generating more thrust
than lighter ones, and are also more efficient.
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